A moduli approach to quadratic Q-curves realizing projective mod p Galois representations
Introduction
Throughout we fix an odd prime p and an algebraic closure Q of Q. For a subfield L of Q, we denote by G L the absolute Galois group Gal(Q/L). We say that a non-CM elliptic curve defined over a quadratic field k is a Q-curve of degree N if there is a cyclic isogeny of degree N from the curve to its Galois conjugate. The p-torsion of a Q-curve E /k of degree N prime to p gives rise to a Galois representation
whose conjugacy class is an invariant of the isomorphism class of E and whose restriction to G k is the projective representation obtained from the usual Galois action on the p-torsion points of the curve. The procedure to obtain ̺ E is detailed in Section 2. The determinant of ̺ E draws off two different cases, which we call cyclotomic and non-cyclotomic, and which correspond to N being a square mod p or not, respectively. These two cases rule most of the structure and contents of the rest of sections.
can mainly be found in [ES01] and go back to [Rib92] . The particular case of quadratic Q-curves is written down in [Ser92] using the ideas of [Shi78] . Let E be a Q-curve. By this we mean a non-CM elliptic curve defined over a number field L and with an isogeny λ σ : σ E −→ E for every σ in G Q . Without loss of generality, we always take λ σ equal to λ τ whenever σ and τ restrict to the same embedding of L into Q, and one might also assume the isogenies λ σ to be cyclic. We suppose here that the Q-curve E is p-admissible, namely that the isogenies λ σ can be chosen so that p does not divide the degree of any of them.
For an isogeny ϕ : E ′ −→ E, let us write ϕ −1 for the element (deg ϕ) −1 ⊗ ϕ in Q ⊗ Hom(E, E ′ ), where ϕ is the dual isogeny of ϕ. Since E has no CM, any isogeny E ′ −→ E differs from ϕ by a rational number. Thus, the 2-cocycle of G Q for all σ, τ in G Q . By taking degrees, one deduces that the map σ → α(σ) 2 /deg λ σ is a Galois character. In particular, the values taken by α are algebraic integers prime to p. So there exist a finite extension F α of F p and a mod p reduction map α : G Q −→ F * α obtained from a fixed embedding of Q into a fixed algebraic closure Q p of Q p .
Consider now the F α -linear action of G Q on F α ⊗ Fp E[p] given by (σ, 1⊗P ) −→ α(σ) −1 ⊗λ σ ( σ P ).
By means of the choice of a basis for the F p -module E[p], this action produces a linear representation ρ E, α : G Q −→ F * α GL 2 (F p ) defined up to conjugation by matrices in GL 2 (F p ). The corresponding projective Galois representation ̺ E is actually given by the induced action
on the projective line
This projective representation ̺ E depends on neither the p-admissible system of isogenies λ σ nor the splitting map α. Further, the following proposition shows that ̺ E is an invariant of the p-admissible isogeny class of E.
Proposition 2.1 Let E
′ be an elliptic curve over Q and ϕ : E ′ −→ E be an isogeny of degree prime to p. Then ̺ E ′ = ̺ E .
Proof. Let ϕ be the dual isogeny of ϕ and let λ σ and α be as before. Consider the 2-cocycle c E ′ attached to the p-admissible system of isogenies ϕ λ σ σ ϕ for the Q-curve E ′ . Then α deg ϕ is a splitting map for c E ′ whose reduction mod p takes values in the same finite field F as α. The isomorphism E ′ [p] −→ E[p] induced by ϕ extends naturally to an isomorphism F⊗ E ′ [p] −→ F⊗ E[p] that is compatible with the corresponding F-linear actions of G Q . So ρ E, α and ρ E ′ , α deg ϕ are conjugated by a matrix in GL 2 (F p ), and the result follows.
Remark 2.2 The (conjugacy class of the) representation ρ E, α is the linear mod p representation obtained from the Galois action on the abelian variety of GL 2 -type attached in [Rib92] to the Q-curve E and the splitting map α. Moreover, any lifting of ̺ E into GL 2 (F p ) is of the form ρ E, α for some splitting map α for c E .
Note that the restriction of ̺ E to G L is the projective representation
obtained from the usual Galois action on the p-torsion points of E. In terms of number fields, this provides the fixed field of ̺ E with the following property: its composite with L is the splitting field of the modular polynomial Φ p (j E ; X) over L, where j E stands for the j-invariant of the elliptic curve E. Whenever L is normal over Q and ρ E is surjective, this property singles out the fixed field of ̺ E among all Galois extensions of Q with group PGL 2 (F p ).
We recall that the determinant of ρ E is the restriction to G L of the quadratic Galois character ε :
obtained from the mod p cyclotomic character χ. The fixed field of ε is the only quadratic field k p = Q( √ ±p ) inside the p-th cyclotomic extension of Q. Let us now show that the projective representation ̺ E is odd by first computing the determinant of a lifting.
Proposition 2.3
The determinant of ρ E, α is the product of the mod p cyclotomic character χ and the character
Proof. By virtue of the properties of the Weil pairing · , · E, p , the equalities
Moreover, the left-hand term in the above equalities is the power of P, Q E, p to the determinant of the basis change. Therefore, the result follows from the definition of ρ E, α .
Corollary 2.4 The Galois representation ̺ E is odd.
Proof. Since ̺ E does not depend on the p-admissible system of isogenies λ σ chosen, we can take λ σ as the identity for all σ in G L . Fix a splitting map α for the 2-cocycle c E obtained from the isogenies λ σ . Note that the restriction of α to G L is then a Galois character. Write ς for the complex conjugation in G Q obtained by fixing an embedding Q −→ C. We must prove the equality det ρ E, α (ς) = −1. Consider the isogeny λ ς ς λ ς : E −→ E. It is given, on the one hand, by multiplication by α(ς) 2 and, on the other hand, by multiplication by ± deg λ ς . All we have to do is to pin down the latter sign. As a complex elliptic curve, E is isomorphic to E z = C/(Z + z Z) for some z in the complex upper-half plane H. Through this isomorphism, λ ς ς λ ς translates into the isogeny E z −→ E z induced by multiplication by δ ς δ for some δ in C * . So the above sign is positive and thus α(ς) 2 = deg λ ς in F p . Since χ(ς) = −1, the result follows from Proposition 2.3.
Let deg : G Q −→ Q * /Q * 2 be the degree character induced by any p-admissible system of isogenies λ σ : σ E −→ E. Then, consider the mod p degree character
obtained from deg by composition with the natural map
The following statement is a straightforward consequence of Proposition 2.3.
Corollary 2.5 The determinant of ̺ E is the product ε deg p .
Remark 2.6
If the map deg is not trivial, its fixed field K deg is a composite of quadratic fields Q( √ a 1 ), . . . , Q( √ a m ), where 2 m is the degree of K deg over Q. For every l = 1, . . . , m , take σ l in G Q restricting to the non-trivial automorphism of K deg that fixes √ a h for h = l. Then, the map deg p is the product of the quadratic Galois characters attached to the extensions Q( √ a l ) for which deg λ σ l
is not a square mod p.
We say that a projective mod p Galois representation
is realized by a (p-admissible) Q-curve E if ̺ E = ̺, where this equality makes only sense up to conjugation in PGL 2 (F p ). The rest of sections are devoted to the particular case of quadratic Q-curves. Assume ̺ to be realized by a p-admissible Q-curve of degree N, that is, by a non-CM elliptic curve defined over a quadratic field and with a cyclic isogeny to its Galois conjugate of degree N prime to p. From Corollary 2.5 and Remark 2.6, ̺ has determinant ε if and only if N is a square mod p, and otherwise any Q-curves of degree N realizing ̺ must be defined over the fixed field of the quadratic character ε det ̺. We refer to the first case (N square mod p) as the cyclotomic case, and to the second one (N non-square mod p) as the non-cyclotomic case.
3 Automorphisms of the modular curve X(N, p)
The aim of this section is to introduce a certain group W(N, p) of automorphisms on X(N, p). We also compute the genus of this curve. As a complex curve, X(N, p) is a Galois covering of X 0 (N) with group G(N, p) given by the quotient
We recall that G(N, p) consists of the automorphisms g on X(N, p) for which the following diagram commutes: 
Indeed, one can check that the above matrix lies in the normalizer of Γ 0 (N)∩Γ(p) inside PSL 2 (R). Hence, the covering X(N, p) −→ X + (N) has as many automorphisms as its degree, which means that it is a Galois covering. Let W(N, p) denote its automorphism group:
The group W(N, p) contains G(N, p) as a subgroup of index two whose complement consists of the automorphisms on X(N, p) extending w N . 
· In the non-cyclotomic case,
In the first case, the quotient curve X(N, p)/w is a Galois covering of X + (N) with group G(N, p). In the second case, the quotient of X(N, p) by an involution in W(N, p) is never a Galois covering of X + (N).
Proof. Viewed as the quotient SL 2 (F p )/{±1}, the group PSL 2 (F p ) is generated by the matrices
On the other hand, the determinant GL 2 (F p ) −→ F * p induces an exact sequence
so that PSL 2 (F p ) can be identified with a subgroup of PGL 2 (F p ) of index two whose complementary subgroups are those generated by a conjugate of the matrix
where v is a non-square in F * p . Since one has the relations V T = U −v −1 V and V U = T −v V, a system of generators for PGL 2 (F p ) is given by V and either T or U. Now, G(N, p) is generated by the automorphisms defined by the matrices
, whereÑ ∈ Z is any inverse of N mod p. To give a complementary subgroup for G(N, p) inside W(N, p), let us consider separately the two possibilities for N mod p :
· If N is a square mod p, then it is also a square mod p 2 . Let a, b be any integers satisfying a 2 N − b p 2 = 1. Then, the matrix
defines an involution w on X(N, p) extending w N . Moreover, w commutes with the automorphisms defined by T N and U N , so it generates a direct cofactor of G(N, p) inside W(N, p). The uniqueness of w comes from the fact that PSL 2 (F p ) has trivial center.
· If N is not a square mod p, then neither isÑ. Moreover, the matrix
which defines an involution on X(N, p) extending w N , satisfies the relations
. These are precisely the relations that the matrix V, for v equal toÑ mod p, satisfies with the generators T, U of PSL 2 (F p ). Hence, the group W(N, p) is isomorphic to PGL 2 (F p ).
The last assertion in the statement follows from the group structure of W(N, p) : in the first case, the subgroup w is normal, while in the second case W(N, p) has no normal subgroups of order two because it has trivial center.
Remark 3.2 The matrices Z N and V N in the proof of Proposition 3.1 have determinant N. Thus, in the same way as the automorphisms in G(N, p) are defined by matrices in Γ 0 (N) acting on H, the automorphisms on X(N, p) extending w N are defined by matrices in M 2 (Z) with determinant N and hence lying in GL 2 (F p ) when reduced mod p. So we have a mod p reduction map
whose restriction to G(N, p) is the canonical isomorphism onto PSL 2 (F p ). In the non-cyclotomic case, this map is the isomorphism W(N, p) ≃ PGL 2 (F p ) constructed in the proof of Proposition 3.1. We keep this canonical isomorphism throughout the rest of the paper. In the cyclotomic case, let us write X + (N, p) for the quotient of X(N, p) by the only involution w in the center of the group W(N, p). To conclude this section, we give a formula for the genus of X(N, p) and compute the values of N and p for which the curves X(N, p) and X + (N, p) have genus zero or one. In the proof of Proposition 3.4, we recall the description of the cusps of X 0 (N). We refer to [Gon91] for this, as well as for the action of the Atkin-Lehner involutions on the set of cusps. Both things are used in the proof of Proposition 3.7.
Proposition 3.4 The genus of the modular curve X(N, p) is
where (a, b), ϕ(r) and ψ(N) are the usual notations for the greatest common divisor of the integers a and b, the order of the group (Z/r Z) * and the index of
Proof. The number of cusps of X 0 (N) is ϕ(h n ), where the sum is taken over the positive divisors n of N, and h n stands for (n, N/n). For every divisor n, there is exactly one cusp for each integer m in a system of representatives in Z of the group (Z/h n Z) * . We just take the integer m = 1 whenever ϕ(h n ) = 1. Any such integer m can be chosen prime to n, and the corresponding cusp is then represented by the rational number m/n. The ramification degree of this cusp over X(1) is N/(n h n ). On the other hand, the cusps of X(p) have ramification degree p over X(1). Thus, since N is prime to p, the cusps of X(N, p) also have ramification degree p over X 0 (N). Moreover, X(p) has no elliptic points, so neither has X(N, p). Lastly, the degrees of the coverings X(N, p) −→ X 0 (N) and X 0 (N) −→ X(1) are p (p 2 − 1)/2 and ψ(N), respectively. Hence, the proposition follows from the Hurwitz formula applied to the map X(N, p) −→ X(1).
Corollary 3.5 The modular curve X(N, p) has genus greater than one, except for the genus-zero case X(2, 3) and the elliptic case X(4, 3).
Proof. Since the genera of X(p) and X 0 (N) are greater than one for p > 5 and N > 49, respectively, one only has to check the values that Proposition 3.4 yields in the remaining cases. Proof. For every integer D > 71, the modular curve X 0 (D) has positive genus and is neither elliptic nor hyperelliptic [Ogg74] . For each odd prime p and each integer N prime to p such that pN ≤ 71, one can then use the formulae in [Klu77] or the tables [STN92] to conclude the lemma.
Proposition 3.7 The curve X + (N, p) has genus greater than one, except for the genus-zero case X + (4, 3).
Proof. The involution w, which is defined by the matrix Z N in the proof of Proposition 3.1, restricts to the Atkin-Lehner involution w N on X 0 (pN), so it induces a Galois covering
On the other hand, the cusps of X 0 (pN) that ramify on X(N, p) are those of the form m/n with p dividing n, and the ramification degree is always p (cf. the proof of Proposition 3.4). In particular, the Hurwitz formula implies that X 0 (pN)/w N has genus zero whenever X + (N, p) has genus less than two. By Lemma 3.6, the only pairs (N, p), with N prime to p and square mod p, for which X 0 (pN)/w N has genus zero are (4, 3) and (4, 5). In the first case, the involution w fixes the cusp 1/2, so X + (4, 3) is a genus-zero quotient of the elliptic curve X(4, 3). Let us now study the second case, for which we consider the following commutative diagram:
The only ramified points of the covering X(4, 5) −→ X 0 (20) are cusps. Moreover, it can be checked that the points lying above the two cusps 1/2, 1/10 fixed by w 4 are also fixed by the involution w. Thus, the only ramified cusps of the covering X + (4, 5) −→ X 0 (20)/w 4 are the points above 1/5 and 1/10, all of them with ramification degree 5. Then, the Hurwitz formula shows that there must be ten more ramified points, necessarily with ramification degree 2 and lying above the two non-cuspidal points on X 0 (20) fixed by w 4 , hence the genus of X + (4, 5) is four. Notice that there are no other ramified points because the number of points on X 0 (20) fixed by w 4 is exactly four (cf. [Klu77] or [STN92] ).
A rational model for the modular curve X(N, p)
This section deals with the rationality over Q for the curve X(N, p) as well as for the automorphism group W(N, p) introduced in the previous section: we fix a certain rational model for X(N, p) that makes the automorphisms in W(N, p) be defined over k p . Recall that k p stands for the only quadratic field inside the p-th cyclotomic extension of Q. We denote by ζ p the root of unity e 2πi/p . Since X(N, p) is the fiber product of the modular curves X(p) and X 0 (N) over X(1), a rational model for the first curve is determined by fixing rational models for the other three curves. Recall that the function field of X(1) is generated over Q by the elliptic modular function j. For X 0 (N), consider the canonical rational model given by the function field Q(j, j N ), where j N is the modular function defined by j N (z) = j(Nz) for z in the complex upper-half plane H. As for X(p), the rational model that we fix satisfies the following property: its extension to k p gives by specialization over an elliptic curve E in X(1)(Q) the fixed field of the projective mod p Galois representation ρ E attached to the p-torsion points of E. This model for X(p) is obtained as the following particular case of a general procedure that follows Section II.3 in [Lig77] and Section 2 in [Maz77] .
Fix a non-square v in F * p and take a matrix V in GL 2 (F p ) of order two in PGL 2 (F p ) and with det(V ) = v. Without risk of confusion, we often identify the matrix V, up to a sign, with its image in PGL 2 (F p ). Define H V as the inverse image in GL 2 (F p ) of the subgroup generated by V in PGL 2 (F p ) :
Up to conjugation, H V is the only subgroup of GL 2 (F p ) containing the center F * p and reducing inside PGL 2 (F p ) to a complementary subgroup of PSL 2 (F p ). The group H V defines, as shown in the following diagram, a rational model X V (p) whose Q-isomorphism class does not depend on the choice of the matrix V :
n n n n n n n n n n n n
Here Q(ζ p ) (X(p)) stands for the field of modular functions for Γ(p) whose Fourier expansions have coefficients in Q(ζ p ). This is a Galois extension of Q (X(1)) with group GL 2 (F p )/{±1} and the function field of X V (p) is then the fixed field by the subgroup H V /{±1}.
Although we should denote by X V (N, p) the rational model for X(N, p) obtained from X V (p), we just write X(N, p) for simplicity. Without loss of generality, we always take the above non-square v equal to N −1 mod p in the non-cyclotomic case. Note that the map X(N, p) −→ X 0 (N) is defined over Q and that the function field k p (X(N, p) ) is a Galois extension of Q (X 0 (N)) with group PGL 2 (F p ). In particular, the Galois action on the automorphism group G(N, p) factors through Gal(k p /Q).
The non-cuspidal complex points on X(N, p) are in bijection with the isomorphism classes of triples
where E is a complex elliptic curve, C is a cyclic subgroup of E(C) of order N, 
Two triples of the form (E, C, [T 1 , T 2 ] V ) are isomorphic if there is an isomorphism between the corresponding elliptic curves interchanging the cyclic subgroups and the H V -orbits. This bijection is compatible with the usual Galois actions. Thus, a point on X(N, p) given by a triple as above with j E = 0, 1728 is defined over a number field L if and only if the elliptic curve E is defined over L, the subgroup C is G L -invariant and the image of the linear Galois representation
attached to E[p] lies inside a conjugate of the subgroup H V .
We can always assume that the basis [T 1 , T 2 ] in a triple (E, C, [T 1 , T 2 ] V ) is, inside the corresponding H V -orbit, the only one up to a sign that is sent to ζ p by the Weil pairing. The Galois action on the non-cuspidal points of X(N, p) should then be written accordingly: an automorphism σ of C takes any such a triple to that given by the elliptic curve σ E, the subgroup σ C and the H V -orbit of either the basis [r in SL 2 (Z) reducing mod p to γ. The triple (E, C, [T 1 , T 2 ] V ) is isomorphic to one of the form
for some z in H, where E z stands for the complex elliptic curve defined by the lattice Z + z Z. The automorphism in the statement sends the pair given by z to that given by
Then, the endomorphism of C defined by multiplication by c z + d extends to an isomorphism E z ′ −→ E z that preserves the subgroup 1/N and sends the basis
, so the result follows.
Corollary 4.2 An automorphism in
Proof. Denote by g the automorphism represented by the matrix γ. Take any element σ in G Q such that 
From now on, we fix as follows an involution w on X(N, p) extending the Atkin-Lehner involution w N on X 0 (N). Recall that W(N, p) stands for the group of the Galois covering X(N, p) −→ X + (N), where X + (N) is the quotient of X 0 (N) by w N . In the cyclotomic case, we take as w the only involution in the center of W(N, p) (cf. Proposition 3.1) and denote by √ N a square root of N mod p. In the non-cyclotomic case, we take as w the involution corresponding to the matrixV through the canonical isomorphism W(N, p) ≃ PGL 2 (F p ) (cf. Remark 3.2). Recall that, in the second case, det(V ) is taken to be N −1 mod p. 
Proof. According to Remark 3.3 and the proof of Proposition 3.1, the involution w is always defined by the action on H of a matrix in M 2 (Z) of the form
with a d N − b c = 1. Denote by γ the reduction mod p of this matrix. We now proceed as in the proof of Proposition 4.1 : the given triple is isomorphic to one of the form
for some z in H, where E z stands for the complex elliptic curve defined by the lattice Z + z Z. The involution w sends the triple given by z to that given by
Then, the endomorphism of C defined by multiplication by c z + d extends to an isomorphism
This isomorphism sends the subgroup 1/N of E z ′ to the image of
to the image of the basis
. In the cyclotomic case, d = a, c = p and b is a multiple of p, so that a 2 equals N −1 mod p and the matrix √ N −1γ is trivial in PSL 2 (F p ). In the non-cyclotomic case, we have γ = ±NV . This completes the proof.
Corollary 4.4 The involution w is defined over Q.
Proof. Take any automorphism σ in G Q . Since w N is defined over Q, σ w is still an involution in W(N, p) \ G(N, p). Let P be a non-CM point in X(N, p)(Q) given by a triple (E, C, [T 1 , T 2 ] V ). For a fixed model of the elliptic curve E/C, an isogeny λ : E −→ E/C with kernel C is determined up to a sign. One has the conjugate isogeny 
By Proposition 4.1, this implies that the matrix in PSL 2 (F p ) corresponding to the automorphism σ w w in G(N, p) is the identity, and the result follows.
Remark 4.5 We can conclude that the Galois covering X(N, p) −→ X + (N) is defined over k p . In other words, the function field k p (X (N, p) ) is a Galois extension of k p (X + (N)), with group (anti)isomorphic to W(N, p). As a matter of fact, k p (X (N, p) ) is a Galois extension of Q (X + (N)).
Let us finish this section by reviewing the moduli interpretation of the rational points on X + (N). The non-cuspidal points of X 0 (N)(C) are in bijection with the isomorphism classes of pairs (E, C), where E is a complex elliptic curve and C is a cyclic subgroup of E(C) of order N. Such a point is defined over a number field L if and only if E and C are defined over L, which means that
has image on X 0 (N) given by the pair (E, C). In particular, the involution w N sends this pair to (E/C, E[N]/C).
Let E be an elliptic curve defined over L, and let E −→ E ′ be an isogeny with cyclic kernel C of order N. Assume that E has no CM, so that an isogeny from E to any elliptic curve is determined up to a sign by its degree. Then, the subgroup C is defined over L if and only if E ′ admits a model over L. Now, suppose that E and E ′ are defined over a quadratic field k, so that the pair (E, C) defines a k-rational point P on X 0 (N). This point is rational if and only if both E and E ′ have a model over Q. In this case we say that the couple {E, E ′ } is a fake Q-curve of degree N. Otherwise, the image of P on X + (N) is rational if and only if E ′ is isomorphic to the Galois conjugate ν E of E. Indeed, since E has no CM, an isogeny µ : E −→ ν E with kernel C sends E[N] to ν C, so the existence of such an isogeny µ amounts to the equality w N (P ) = ν P in X 0 (N)(k). Thus, every non-cuspidal non-CM rational point on X + (N) comes from a pair (E, C) on X 0 (N) defined over some quadratic field and yielding a (possibly fake) Q-curve of degree N.
The twisted curves in the cyclotomic case
Assume N to be a square mod p. The structure of this section is as follows. We first obtain from a modular point of view the fixed field of the Galois representation ̺ E attached in Section 2 to a Q-curve E of degree N. Next, we produce the twisted modular curves whose non-cuspidal non-CM rational points give the Q-curves of degree N realizing a fixed projective mod p Galois representation with cyclotomic determinant. We also include a result on the finiteness of the number of such Q-curves.
Recall that X + (N, p) denotes the quotient of X(N, p) by the involution w.
is a Galois covering with automorphism group G(N, p) and hence defined over k p (cf. Proposition 3.1 and Remark 4.5). The function field k p (X + (N, p) ) is in fact a Galois extension of Q (X + (N)), with group PGL 2 (F p ) : N, p) ) produces, by specialization over a rational point on X + (N) corresponding to a Q-curve E, the fixed field of the Galois representation ̺ E .
Proof. Let E be a Q-curve of degree N defined over a quadratic field k. Fix an automorphism ν in G Q \ G k and an isogeny µ : E −→ ν E of degree N. If we let C be the kernel of µ, the pair (E, C) defines a k-rational point on X 0 (N) with rational image on X + (N). The preimages on X + (N, p) of this rational point are given by the couples {P, w(P )} for all points P on X(N, p) represented by a triple of the form (E, C, [T 1 , T 2 ] V ). If we denote by H the subgroup of G kp fixing those couples, what the proposition asserts is that H equals the kernel of ̺ E . This kernel is indeed a subgroup of G kp because the fixed field of det ̺ E is k p (cf. Corollary 2.5). For a point P as above, w(P ) is given by the triple (
. Take now any σ in G kp , so that 
Therefore, the result follows from the definition of ̺ E .
Suppose that we are now given a Galois representation
with cyclotomic determinant, which means that the fixed field of det ̺ is k p . For the moduli problem of classifying the Q-curves of degree N realizing ̺, we twist the curve X + (N, p) by certain elements in the cohomology set H 1 (G Q , G (N, p) ). Recall that the twists of a curve defined over Q, up to Q-isomorphism, are in bijection with the elements in the first cohomology set of G Q with values in the automorphism group of the curve.
The Galois action on G(N, p) is known from Corollary 4.2. Now, the action by conjugation of PGL 2 (F p ) makes this group isomorphic to the automorphism group of PSL 2 (F p ). Hence, the canonical isomorphism G(N, p) ≃ PSL 2 (F p ) induces an isomorphism Aut (G(N, p)) ≃ PGL 2 (F p ) through which the Galois action on G(N, p) can be described by the morphism
Consider then the 1-cocycles ξ = ̺ * η and ξ
The cyclotomic hypothesis allows us to regard them, through the above canonical isomorphism, as cocycles with values in G (N, p) . The cocycle condition for ξ, namely ξ στ = ξ σ σ ξ τ for all σ, τ in G Q , can be easily checked case by case, depending on whether σ and τ belong to G kp or not. The same holds for ξ ′ . The cocycle ξ defines a rational model X + (N, p) ̺ for the corresponding twist of X + (N, p), together with an isomorphism 
This map is bijective if and only if the centralizer in PGL
Proof. The rational points on X + (N, p) ̺ correspond via ψ + to the couples of the form {P, w(P )}, where P is an algebraic point on X(N, p) such that, for each given automorphism σ in G Q , either ξ σ (
By virtue of Proposition 4.1, the condition σ P = ξ −1 σ (P ) for all σ in G Q amounts to saying that {E, E/C} is a fake Q-curve of degree N such that the equality
holds in PGL 2 (F p ) for every σ in G Q . Here, we extend the notation ̺ E to the case of elliptic curves over Q by putting ̺ E = ρ E . If, on the other hand, there exists ν in G Q for which ξ ν ( ν P ) = w(P ), then E must be a quadratic Q-curve for the point ψ −1 + ({P, w(P )}) on X + (N, p) ̺ to be rational. Indeed, in this case the subgroup of G Q consisting of those automorphisms σ which satisfy ξ σ ( σ P ) = P has index two, so it is of the form G k for some quadratic field k, and then the condition
σ (P ) for all σ in G k forces the elliptic curve E and the subgroup C to be defined over k, while the condition w(
So assume now E and C to be defined over a quadratic field k and let λ be an isogeny as above. Then, for σ ∈ G k , the point w( σ P ) is represented by the triple given by the elliptic curve E, the cyclic group C and the H V -orbit of the basis
This comes from Proposition 4.3 and the isomorphism ν E/ ν C −→ E induced by the isogeny λ. Notice that the second case does not occur whenever k = k p .
On the other hand, the automorphism ξ Similarly, consider a point on
. By the same reasoning as above, this point is rational if and only if the pair (E, C) represents a (possibly fake) Q-curve of degree N such that, for every σ in G Q ,
Let us now consider a (possibly fake) Q-curve of degree N given by some point (E, C) on X 0 (N) and assume ̺ E = ̺. Since this is an equality up to conjugation in PGL 2 (F p ), it amounts to the existence of a basis [T 1 , T 2 ] of E[p] for which condition (1) holds for every σ in G Q . Moreover, we can suppose that such a basis is sent to either ζ p or ζ 
for every σ in G Q . This amounts to the existence of an element in PGL 2 (F p ) not lying in PSL 2 (F p ) and commuting with all the elements in the image of ̺.
Note that the set of points in Theorem 5.2 is always finite whenever the genus of X + (N) is greater than one. One can assure this for N > 131 : indeed, the modular curve X 0 (N) has genus at least two and is neither hyperelliptic [Ogg74] nor bielliptic [Bar99] for any such integer N. Using Proposition 3.7, one actually gets the following improvement. For Q-curves of degree N realizing ̺, a different moduli description that gets rid of fake Q-curves can be given for every quadratic field of definition. In order to do that, we twist X(N, p) by two certain elements in the cohomology set H 1 (G Q , W(N, p)) that are naturally obtained from the above cocycles ξ and ξ ′ as follows. By Proposition 3.1 and Corollary 4.4, the G Q -group W(N, p) equals the direct product of W(N, p) ) is also the direct product of the corresponding cohomology sets. Fix now a quadratic field k and take the Galois character
We then consider the 1-cocycle ξ χ k and the rational model X(N, p) ̺, k for the corresponding twist, along with the isomorphism Proof. The rational points on X ̺, k (N, p) correspond via ψ k to the algebraic points P on X(N, p) such that
The proof runs then in a very similar way to that of Theorem 5.2, so we omit the details. In the current case, a non-CM point on X(N, p) ̺, k corresponding via ψ k to a triple (E, C, [T 1 , T 2 ] V ) is rational if and only if E is defined over k, there exists an isogeny from E to its Galois conjugate with kernel C and condition (1) holds for every σ in G Q whenever one uses the basis [T 1 , T 2 ] to fix the isomorphism 6 The twisted curve in the non-cyclotomic case Assume N to be a non-square mod p. This section is the analogue of the previous one for the non-cyclotomic case. Unlike the cyclotomic case, now the quadratic field of definition for the potential Q-curves of degree N realizing a given projective mod p Galois representation is fixed by the determinant. Moreover, only one twist is needed for the moduli classification of such Q-curves. We prove this in Theorem 6.4 below. For the sake of completeness, let us begin as before with the modular construction of the fixed field of the Galois representation ̺ E attached to a Q-curve E of degree N. The procedure is now more intricate.
Recall that the group W(N, p) of the covering X(N, p) −→ X + (N) is canonically isomorphic to PGL 2 (F p ). The action by conjugation of this group makes it isomorphic to its automorphism group. Thus, by virtue of Corollary 4.2 and Corollary 4.4, the Galois action on W(N, p) is given by the morphism
where we identify W(N, p) with its (inner) automorphism group.
Let X(N, p) be the twist of X(N, p) defined by the 1-cocycle η. Likewise, denote by X 0 (N) the twist of X 0 (N) defined by the 1-cocycle
We write X + (N) for the quotient of X 0 (N) by the involution corresponding to w N . Consider the following commutative diagram, where the morphisms are the natural ones:
As remarked in the proof of the next lemma, the isomorphism X + (N) −→ X + (N) is actually defined over Q. Proof. With the same notations as in the proof of Proposition 5.1, take a cyclic isogeny µ : E −→ ν E with kernel C of order N. Consider the isomorphism φ : X(N, p) −→ X(N, p) in the proof of Lemma 6.1. Let H be the subgroup of G Q fixing the points on X(N, p) corresponding through φ to the points on X(N, p) of the form P or w(P ), where P is given by a triple of the form (E, C, [T 1 , T 2 ] V ). We must show that H is the kernel of ̺ E . For a point P as above, w(P ) is represented by the triple given by Suppose that we have now a Galois representation ̺ : G Q −→ PGL 2 (F p ) with non-cyclotomic determinant. Recall that any Q-curves of degree N realizing ̺ must be defined over the fixed field of ε det ̺, where ε is the character attached to k p (cf. Corollary 2.5). Denote this quadratic field by k. For the moduli classification of such Q-curves, we produce a twist of X(N, p) from a certain element in the cohomology set H 1 (G Q , W (N, p) ), as follows. The canonical isomorphism W(N, p) ≃ PGL 2 (F p ) allows us to regard the projective representation ̺ * in Section 5 as a morphism taking values in W(N, p). As before, let η stand for the morphism giving the Galois action on W (N, p) . Then, consider the 1-cocycle ξ = ̺ * η. For the twist of X(N, p) defined by ξ, we fix a rational model X(N, p) ̺ along with an isomorphism Note that the automorphism ̺ * (σ) −1 belongs to G(N, p) if and only if σ lies in either both G k and G kp or none of them. In particular, a non-CM point P given by a triple (E, C, [T 1 , T 2 ] V ) can satisfy the above condition only if E and C are defined over k and there is an isogeny λ : ν E −→ E with kernel ν C. With these hypotheses on E and C, and for σ ∈ G k , the point w( In the second case, and also for σ ∈ G k ∩ G kp , the automorphism ̺ * (σ) −1 is given by the matrix
